Traditional optimal power flow describes the system performance only in a single snapshot while the resulting decisions are applied to an entire time period. Therefore, how well the selected snapshot can represent the entire time period is crucial for the effectiveness of optimal power flow. In this paper, period optimal power flow is proposed with a given time period partitioned into consecutive linear time intervals, in which bus voltages and power injections are linear mapping of time. The optimal and operational limits in each time interval are precisely represented by its median and two end snapshots, through which the system performance of the optimal power flow model is significantly improved. Case studies based on simulation of a modified IEEE 118-bus system have demonstrated the simplicity and effectiveness of the proposed model.
INTRODUCTION
Optimal power flow (OPF) was conceived and proposed by J. Carpentier in 1962 and has brought huge impact to the power systems field (Carpentier 1962) . Different from heuristic rules for power generation scheduling such as equal rate of incremental (Ringlee and Williams 1962) , the number of inequality constraints in the OPF model may be enormous, which makes OPF a large-scale nonlinear optimization problem.
There have been unwavering efforts on reliable and effective solution methods for the OPF problem (Liang et al. 2011; Souza et al. 2017) . Take the Newton method (Sun et al. 1984 ) and the interior-point method (Capitanescu and Wehenkel 2013) that deal with inequality constraints as two typical examples, OPF methods have become more developed before the end of the last century. By satisfying branch power constraints and voltage constraints, OPF has guaranteed both the systems' security and the voltage quality. Therefore, OPF has become an essential advanced tool in Energy Management System (EMS) (Maria and Findlay 1987) , and has been widely applied into power systems' dispatch center.
Generation scheduling made by system operators are based on the forecasts from loads and intermittent power sources (IPSs) (Wang and Guo 2018) . These forecasts are usually predicted on discrete snapshots, while output levels between two consecutive discrete snapshots are approximated by linear interpolation. Thus the power output is a piecewise linear function of time from the perspective of the continuous temporal domain.
In short-term (day-ahead) scheduling, based on power forecast, system operators solve the OPF problem on a particular snapshot, yielding a short-term optimal generation schedule that periodically adjusts outputs of controllable power generation assets. In real-time dispatch, based on the real-time power forecast (Reddy et al. 2015; Wang and Guo 2018) , the OPF problem is sequentially solved for certain future snapshots, thus the real-time optimal generation schedule is made for a given time period. For either of them, the OPF solution is performed on discrete snapshots. Hence a fundamental characteristic OPF is Wang, Guo, and Anderson proposed to specify proper discrete snapshots to represent the continuous time period (Wang and Guo 2017) .
The power flow distributions are not identical not only at these specified snapshots but also at those non-specified snapshots. All the operational constraints satisfied at specified snapshots do not ensure these constraints are satisfied at other non-specified snapshots, especially for binding constraints at specified snapshots. Taking the power balancing as an example, the rigorous OPF should ensure power and voltage limits are satisfied at any snapshot in any given period (Gill et al. 2014; Gerstner et al. 2016; Wang and Guo 2017; Kourounis et al. 2018) . More specifically, a dynamic optimal power flow (DOPF) model was proposed as an extension of traditional optimal power flow (TOPF) which aims to cover multiple time periods and provides a more realistic OPF model and thus leads to better dispatch decisions across time periods (Gill et al. 2014) . Compared with TOPF, DOPF aims at getting the optimal solution over a time period to ensure the whole system's performance. Although DOPF decomposes the entire time period into multiple time steps, yet it might be computationally intensive since the sets of constraints over all the snapshots are taken into account (Gerstner et al. 2016) . In other words, the rigorous OPF model is in nature a large-scale dynamic optimization problem which may be costly to solve. Hence it is crucial to wisely specify proper discrete points that ease the computational burden and effectively represent the continuous time period.
Note that, our objective is to orient to a time period, but we specify some discrete snapshots as representatives. This indeed is a tradeoff between its performance and efficiency according to the characteristics of power systems. Hence the key is to specify the optimal discrete snapshots based on the tradeoff.
To this end, we propose a consecutive linearization technique of OPF. Given a time period, we partition it into consecutive linear time intervals. Each linear time interval has an approximately linear relationship between system states and time. Therefore, it can be accurately represented by its median and two end snapshots. Namely, we extract the objective function from median snapshot and check operational limits on the two end snapshots. Since the proposed OPF is better oriented to a time period, it is also referred to as the Period Optimal Power Flow (POPF).
The remainder of this paper is organized as follows. In Section 2, we review the nodal power flow equations and derive its generalized form. Linear time intervals are defined in Section 3 wherein some relevant properties are studied. Characteristics of median and two end snapshots are discussed in Section 4. In Section 5, we present the POPF formulation based on the previous discussions. Simulation case studies are recorded in Section 6. Conclusions are finally given in Section 7.
POWER FLOW EQUATIONS

Equivalent Load
IPSs (such as wind and solar power sources) have been rapidly integrated into power systems due to economic and environmental reasons (Markogiannakis 2014; Gerstner et al. 2016) . Their outputs are not totally controllable thus IPSs can be regarded as negative loads. Note that loads themselves are also uncertain and usually uncontrollable. Loads cannot be easily shed unless they are active loads. Since IPSs do not generate revenue when shed, so the full use of renewable energy assets is normally assumed. Therefore, we combine loads and IPSs in this paper as equivalent loads. Let ( ), ( ) ee ii P t Q t respectively denote the nodal net active and reactive power at time t and node i, defined by the following equations:
where superscripts l and ips denote, respectively, terms associated with loads and IPSs.
Nodal Power Flow Equation
Without loss of generality, any node in the power system can either be a power source node in which the power injection is adjustable or an equivalent load node in which the power injection is uncontrollable. Note that a power source node may contain loads or IPSs, but an equivalent load node typically has no controllable power source. Let ( ), ( ) ii P t Q t respectively denote the calculated values of the active and reactive power injections at time t and node i. These quantities are nonlinear functions of the node voltage:
GB represent the conductance and susceptance between nodes i and j, respectively; () t V is the vector of nodal complex voltages. Here we take the rectangular coordinates and the nodal electrical potential vector is expressed as
where n is the number of nodes and e and f are real and imaginary parts of complex voltages. The nodal power flow equation for the entire power grid at time t is further obtained:
where () t g is given by
is the equivalent load power vector, () c t P and () c t V are the active power vector and node voltage vector for controllable power sources, respectively. It is evident to see that the node power flow equation is nonlinear and time varying.
LINEAR TIME INTERVALS
Linear Time Intervals
The derivative of the nodal power flow equation with respect to time can be expressed as
where () t J is the Jacobian matrix
Wang, Guo, and Anderson
Proposition 1 (Temporal Increment Equation)
If the Jacobian matrix () t J is a continuous mapping in the time interval
, then the following temporal increment equation holds
is the median snapshot of the interval k T .
Proof Integrating (1) gives
Since () t J is continuous, it follows from the integral mean value theorem that
Hence the proposition holds and this ends the proof. Let w be a constant vector, and let * , 
then the time interval k T is a linear time interval.
Proposition 2 (Power Flow Linearization) In a linear time interval k T , the node voltage vector () t x can be approximated as a linear function of time
According to Proposition 1 and the defined linear time interval, Proposition 2 holds. The linear time interval indeed exists unless there is an abrupt change on node power within the time interval. A sufficiently short time interval can not only ensure the linearity between nodal power and time, but also guarantee the linearity between nodal power and voltages, that is, it also guarantees the Jacobian matrix to be approximated as constant matrix.
The following discussion shows that the assumption of a linear time interval is also practically consistent with the actual characteristics of power systems.
Modeling for Equivalent Load Power Forecasts
The equivalent load power forecasts are the basis for the power generation scheduling, thus multiple equally distributed snapshots of equivalent loads are generated. We connect these snapshots with the values of power injections via line segments, a piecewise linear power curve is thus generated, which approximately describes the equivalent load power curve. The interval between adjacent forecasting timepoints (each line segment) is referred to as a forecasting time interval. Thus, an 1 N  combined equally distributed timepoints ( 0,1, 2,..., )
There are only two equivalent load forecasting values in each time interval k T , which specifies at the two end snapshots. A linear equation for the node equivalent load power is given by
where p ik w and q ik w are slopes of the active and reactive power, which are constant values with respect to forecasting time intervals and is given by
(2) indicates that the node equivalent load vector () e t S is a linear function of time.
Temporal Modeling of Active Power for Controllable Power Sources
In dispatch system, the power generation scheduling for a forecasting time interval is determined based on a specified snapshot therein. However, the equivalent load power may deviate from their predicted values and the power generation needs to be adjusted accordingly to achieve the power balance. For small variations in the equivalent load power, the frequency control hierarchy of power systems will track the frequency deviation and adjust the controllable power. For both primary and secondary frequency modulation, it is assumed that the active power adjustment from controllable power source 
where i K is the frequency modulation coefficient. There are two reasons that cause grid frequency deviations () ft  : Inherent power imbalance from the power forecasting error and the power imbalance from time interval. In this paper, for simplicity, only the latter is considered to highlight the temporal issue, which is denoted by () 
indicates that the active power vector () c t P of controllable power sources is a linear function of time over each time interval.
Time Interval Construction
To ensure that the time intervals are linear, the time horizon can be divided using various interval lengths, and the forecast time intervals can be integrated. This is referred to as time interval construction. Time interval construction is performed by assuming that the Jacobian matrix is approximately constant. Such an approximation indicates that in time interval k T , the variation of the equivalent load power is small thus, both conditions for a linear time interval are satisfied. Let  be a positive constant that is sufficiently small. For each forecasting time interval k T , if the norm of the Jacobian matrix at the beginning and the end of the interval (denoted as
then the Jacobian matrix is considered to be constant; otherwise, the time interval k T should be bisected into two smaller ones. Such a process will be iterated until (4) is satisfied.
There are various matrix norms that could be used. The 2-norm 2  requires the calculation of the matrix eigenvalues, which is computationally intensive. Hence the following infinity norm   is applied and is readily calculated.
MEDIAN AND TWO END SNAPSHOTS
Median Snapshot
To make a power generation plan, values are calculated at a particular snapshot within each linear time interval k T . In this study, the median snapshot of the time interval, denoted by m k t is considered
The median snapshot is selected as the basis for optimization since it satisfies energy integral property. The nodal energy vector k E for time interval k T is given by the integral with respect to the node active power 
Since () c t P and () e t P are linear functions of time, (5) can be expressed as
In other words, the integral of power from median snapshot over a time interval accurately represents the total energy consumption. Note that the utility maximization in OPF is directly related to energy generations and consumptions. Therefore, the median snapshot is adopted to characterize the objective function of the OPF model. Depending on the type of the integrand function, the integral mean is not necessarily equal to the arithmetic mean. In a linear time interval k T , the power vector is a linear function of time, and therefore, the median power is the arithmetic mean of the power at the beginning and the end of the interval. For a linear time interval k T , the distance between the two endpoint values of the power and the median value of the power are equal, which ensures a minimum of power adjustments in frequency modulation. Moreover, we show in the following proposition that the voltage differences between the median and the two end snapshots are equal over a given time interval.
Proposition 3 (Voltage Isometry Proposition) The voltage differences between each of the two endpoint values of the voltage vector in time interval k T and the median value of the voltage vector are
approximately equal, that is,
Proof According to Proposition 2, the value at the median point is
where w is a constant vector. Therefore, 1 1 11
Two End Snapshots
In a linear time interval k T , nodal complex voltages are linear functions of time. Such linear functions must be either monotonic increasing or decreasing. Hence, extremal values in nodal voltage magnitudes and branch power flows occur at the two end snapshots. Therefore, the endpoint values of the function in a linear time interval k T are used to check inequality operational constraints in the OPF model. If these constraints are satisfied at the specified two end snapshots, then they are also satisfied at any other nonspecified snapshots over the time interval k T .
Since median snapshot has the voltage isometry property, it is sufficient to consider voltage limits on only one end snapshot.
PERIOD OPTIMAL POWER FLOW ALGORITHMS
Based on the above analysis, we present in this section the scheme of the proposed POPF. Given an interested time period, we partition it into linear time intervals as described in subsection 3.4. Thereupon, the OPF is to minimize the cost of median snapshot and to check voltage and power limits for two end snapshots. Note that such a representation is rigorous as long as the linear assumption holds. The median snapshot represents the average energy consumption during linear time intervals, and the extreme values of nodal voltages and branch powers only happen at two end snapshots. Specifically, the three-snapshot optimization based POPF is obtained as follows:  Median snapshot based objective function: the objective function () f  is evaluated at the median snapshot for each linear time interval k T . The function could be a minimum of generation cost, the market cost, or transmission loss. It is expressed generally as
whereU is a vector of control variables, X is a vector of state variables, and m k t is the median snapshot.  Equality constraints for median snapshot: For any linear time interval , since the inequality constraints of median snapshot necessarily satisfy if these constraints are satisfied at two endpoints, thus only the power flow equality constraints are incorporated into the median snapshot:
 Constraints for two end snapshots: for time interval k T , the equality and inequality constraints must be satisfied at the two end snapshots 1 , 
The controllable power inequality constraints are The solution to the median snapshot from the previous time interval is taken as the initial value of the median snapshot for the next time interval, that is, proposed POPF that is oriented towards a given time period is finally obtained.
NUMERICAL SIMULATIONS
In this section, power systems with high proportional IPSs is assumed. In the power balancing process, the consecutive connection (Wang and Guo 2018) of short-term scheduling and real-time dispatch are taken into account. The optimal power generation is solved by the proposed POPF based on three representative snapshots. Our results are compared to those from a TOPF algorithm which considers one single snapshot in each time interval. For each time interval, the POPF algorithm optimizes the solution at the median snapshot subject to constraints at two end snapshots. It should be noted that the TOPF algorithm has only one computational snapshot per time interval. The objective function is to minimize the cost of power generation.
System Designing
Simulation System
The modified IEEE 118-bus system is simulated, where 20 wind generators and 10 solar generators are added. Assume that there is no curtailment of renewable generation, then the total power generation from IPSs is 30% of the total demand, with the wind power generation of being 60% of the total IPS power output. Thus a power system with high proportional IPSs is presented.
Linear Time Intervals for Short-term Scheduling
Short-term scheduling in this simulation is assumed to be the day-ahead scheduling. Typically, day-ahead generation scheduling is made per hour, therefore, the length of linear time intervals in our simulation is also chosen to be 1 hour within the entire 24-hour time period.
Linear Time Intervals for Real-time Dispatch
For the real-time dispatch, it is necessary to determine an appropriate timescale. The selection of the realtime dispatch timescale is closely related to factors such as IPS power uncertainty, IPS proportion, and AGC power adjustment capability. Wang and Guo (2018) proposed an analytical formulation to determine the proper real-time dispatch critical timescale in power systems with different IPS proportions. According to the approach in (Wang and Guo 2018) , the real-time dispatch timescale in the test system is set as 1.5 hours. Such a timescale is then divided into 6 linear time intervals of 15 minutes.
POPF Results for Short-Term Scheduling
The TOPF and POPF models are applied into the short-term scheduling. We record the respective actual power generation costs as well as the numbers and magnitudes of power and voltage limits violations. For all the 24 time intervals, all operational constraints are satisfied in the POPF. The TOPF, on the contrary, produces notable violations of power/voltage magnitude over-limits, as depicted respectively in Figure 1(a) and Figure 1(b) , wherein the "CVN" and "CVA" represent constraint violation numbers and constraint violation amounts. Therefore, it can be observed that unlike the POPF, the TOPF results in power constraint violations in all the 24 time intervals and a number of nodal voltage constraint violations.
The actual generation costs of POPF and TOPF are compared in Figure 2 . We can see that in general, POPF achieves lower generation cost than TOPF. In addition, there are over-limits in TOPF but POPF satisfies all constraints in this simulation. 
POPF Results for Real-Time Dispatch
Based on the connection between real-time dispatch and short-term scheduling, the TOPF and POPF models are also applied into real-time dispatch, the power generation cost and the constraint violations are thus obtained, respectively, with the results shown in Table 1 . Note that since the real-time dispatch timescale is a rolling window, the initial time is selected to correspond to the beginning of the 10 th time interval for short-term scheduling. It can be observed from Table 1 that the POPF solution satisfies the constraints in all the six time intervals. The TOPF produces over-limits in both branch power flows and nodal voltage magnitudes.
However, in comparison with the optimization results for short-term scheduling, the violation levels of TOPF are generally lower. 
CONCLUSIONS
We propose a period optimal power flow (POPF) model to enhance the connection between the discrete snapshots employed in the optimization and the entire time period which the optimization results will be applied to. An important aspect of the linearization and the discretization in this approach is that the entire time period is partitioned into linear time intervals, which satisfies the following properties: 1) Power injections and nodal voltages within the time interval are linear functions of time;
2) The voltage magnitudes of the controllable power sources are constant in each linear time interval;
3) The interval construction technique ensures the Jacobian to be approximated as a constant matrix.
In all, in each linear time interval, we take its median snapshot to construct the objective function in the POPF and check operational limits for two end snapshots. Simulation case studies on a modified IEEE 118-bus system have demonstrated the simplicity and effectiveness of POPF. Compared to traditional optimal power flow, the proposed POPF achieves better performances and fewer unpredictable over-limits over a given time period.
